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Abstract
We present a mathematical structure which unifies mathematical
structures of general relativity and quantum mechanics. It consists of
the noncommutative algebra of compactly supported, complex valued
functions A, with convolution as multiplication, on a groupoid Γ the
base of which is the total space E of the frame bundle over space-
time M . A differential geometry based on derivations of A suitably
generalizes the standard differential geometry of space-time, and the
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algebra A, when represented in a bundle of Hilbert spaces, defines a
von Neumann algebra M of random operators that generalizes the
usual quantum mechanics. The main result of the present paper is
that there exists a spaceM0 dense inM, that is isomorphic with the
algebra A. This isomorphism allows us to transfer all differentially
geometric constructions, generalized Einstein’s equations including,
made with the help of A (and its derivations) to the space M0. In
this way, we obtain a generalization of general relativity in terms of
random operators on a bundle of Hilbert spaces. However, this gener-
alization cannot be extended to the whole of M, and this is the main
mathematical obstacle, at least in this approach, to fully unify theory
of gravity with physics of quanta.
1 Introduction
The root of difficulty in combining general relativity and quantum mechanics
into a one physical theory lies in radically different mathematical structures
these two physical theories employ to express the nature of gravity and the
nature of quantum phenomena, respectively. Gravity resides in the geom-
etry of space-time, whereas quantum phenomena express themselves in the
action of operators on Hilbert spaces. In this paper, we approach the difficult
problem of how to unify these two structures. We do not claim solving the
problem. By presenting a strcture that almost reaches this goal, we rather
indicate a difficulty blocking the way. It is clear that to obtain the result
both structures should be incorporated into a wider mathematical structure
that would preserve, or suitably generalize, the present physical meaning of
gravity and quanta. We have proposed such a structure in a series of papers.
The latter versions of it are presented in [5, 6]; the first of these papers focuses
on mathematical details, whereas the second deals with conceptual issues (in
both these papers the reader can find references to earlier works). In our pro-
posal the unifying structure is provided by the concept of a groupoid related
to space-time. It is a groupoid Γ, the base of which is the total space E of
the frame bundle over space-time M . Let A be a noncommutative algebra
of compactly supported, complex valued functions on Γ with convolution as
multiplication. It turns out that, on the one hand, a differential geometry
based on derivations of A suitably generalizes the standard differential geom-
etry of space-time and, on the other hand, the algebra A when represented in
a bundle of Hilbert spaces defines a von Neumann algebraM that generalizes
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the usual quantum mechanics. The main result of the present paper is that
there exists a spaceM0, consisting of random operators, dense inM, which
is isomorphic with the algebra A. This isomorphism allows us to transfer
all differentially geometric constructions, generalized Einstein’s equations in-
cluding, made with the help of A (and its derivations) to the space M0. In
this way, we obtain a generalization of general relativity in terms of random
operators on a bundle of Hilbert spaces. However, this generalization cannot
be extended to the whole of M, and this is the main mathematical obsta-
cle, at least in this approach, to fully unify theory of gravity with physics of
quanta.
In Sect. 2, we study various groupoids related to space-time. Sects.
3 and 4 summarize some aspects of our model unifying general relativity
and quantum mechanics; they are included to make the present paper self-
contained. In Sect. 5, we study the relationship between the algbera A on
the groupoid Γ and the algebra M0 of random operators, and formulate the
generalized general relativity in terms of M0. In Sect. 6, we show how to
recover space-time M from M0, and argue that the predual of M can be
regarded as a “virtual spectrum” on which the geometry of random operators
develops. Finally in Sect. 7, we write, as an example, the Einstein operator
for the closed Friedman world model in terms of random operators.
2 Groupoids Related to Space-Time
Let πM : E → M be a frame bundle with the Lorentz group G (or some
of its subgroups) as its structural group. Space-time M is recovered as the
quotient space E/G. A fiber Ex = π
−1
M (x) over x ∈ M is the set of all local
reference frames attached to the point x. The group G acts on E to the
right, E ×G→ E, along the fibers. We construct a groupoid over E, called
transformation groupoid, in the following way.
Γ = E ×G = {γ = (p, g) : p ∈ E, g ∈ G},
with Γ0 = E as its base. If γ1 = (p1, g1), γ2 = (p2, g2) ∈ Γ, the multiplication
is defined
γ1 ◦ γ2 = (p1, g1g2)
provided that p2 = p1g1. As the source and range mappings we have
d(p, g) = p, r(p, g) = pg,
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respectively. The inverse of γ = (p, g) is γ−1 = (pg, g−1). The identity section
(the set of units) is defined to be Γ(0) = {(p, e) : p ∈ E} where e is the unit
of G. (For details see [8, 9] or our earlier works [3, 10].) 88888
Let A = C∞c (Γ,C) be the algebra of smooth, compactly supported, com-
plex valued functions on Γ. A is a noncommutative algebra if the multipli-
cation is defined as the convolution
(f1 ∗ f2)(γ) =
∫
Γd(γ)
f1(γ1)f2(γ
−1
1 γ)dγ1,
for f1, f2 ∈ A, where d(γ) = d(p, g) = p.
The idea is to develop differential geometry in terms of the algebra A
just as the usual geometry on a manifold M can be developed in terms of
the algebra C∞(M). It turns out that the lifting of the algebra C∞(M) to
the total space E of the frame bundle over M , i.e., the set Z = π∗M(C
∞(M))
(which is, of course isomorphic with C∞(M)), can be regarded as an “outer
center” of the algebra A (the “real center” of the algebra A is empty). In
fact, the algebra A is a module over Z = π∗M(C
∞(M)). Indeed, although the
functions belonging to Z are not compactly supported, their action on the
algebra A, α : Z ×A → A, can be defined in the following way
α(f, a)(p, g) = f(p)a(p, g),
f ∈ Z, a ∈ A. Owing to this fact we can develop a noncommutative geometry
based on A that will be a generalization of the standard geometry on a
manifold.
Let now ΓW =
⋃
x∈M Ex × Ex := E ×M E where Ex is a fiber in E
over x ∈ M . This, together with obviously defined groupoid operations
(composition law reads: (p1, p2) ◦ (p2, p3) = (p1, p3)), forms what is called
the Whitney groupoid. If γ = (p, q) ∈ ΓW then there exists g ∈ G such that
q = pg, that is to say γ = (p, pg), which establishes the isomorphism between
transformation and Whitney groupoids. Let us notice, however, that if the
frame bundle πM : E → M is not locally trivial, the isomorphism does not
occur. This happens, for instance, when a singular boundary ∂M is attached
to M [2, 7].
Let us notice that ΓW can also be written in the form
ΓW = {(x, p1, p2) : p1, p2 ∈ E and πM (p1) = (πM (p2)) = x}.
Let us define the algebra AW = C
∞(ΓW ,C) with convolution as multiplica-
tion
(f˜1 ∗ f˜2)(x, p1, p2) =
∫
Ex
f˜1(x, p1, p3)f˜2(x, p3, p2)dp3.
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The mapping J : AW → A given by
J(f)(γ) = f(πM(p), p, pg),
for f ∈ AW , γ = (p, g), establishes the isomorphism of the algebras AW and
A [5].
Let, as before, E be aG-principal bundle overM . We define the Cartesian
product G = E×E and introduce in it the groupoid structure in the following
way. The composition
[p1, p2] ◦ [p3, p4] = [p1, p4]
is defined if p2 = p3. The source and target mappings are
d(q, p) = p, r(p, q) = q,
respectively. We also have the identity
ǫ(p) = (p, p),
and the inverse
(p, q)−1 = (q, p).
The following sets are naturally defined
Gp = {(q, p) : q ∈ E},
Gp = {(p, q)] : q ∈ E}.
This groupoid is called the (full) pair groupoid or the coarse groupoid. It is a
transitive groupoid. In our case, it is not that coarse since it inherits quite a
rich structure after its base space E, the total space of the fiber bundle over
space-time M . The transformation groupoid is a subgroupoid of the full pair
groupoid.
Let AG be the algebra of smooth compactly supported, complex valued
functions on G with convolution as multiplication
(a1 ∗ a2)(p1, p2) =
∫
E
a1(p1, p)a2(p, p2)dp
where dp is the manifold measure on E. Let us notice that the above convo-
lution can also be written as
(a1 ∗ a2)(p1, p2) =
∫
M
dµ(x)
∫
G
a1(p1, p(x)g)a2(p(x)g, p2)dg.
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3 Generalized Differential Geometry
In [5] we have constructed a differential geometry based on the algebra A and
its derivatives; here we only summarize the main steps of this construction
(see also [6]).
The set of all derivations of the algebra A will be denoted by Der(A). It
has the algebraic structure of a Z-module. The pair (A, V ), where A is (not
necessarily commutative) algebra and V ⊂ Der(A) is a (sub)module of its
derivations, will be called differential algebra. We first discuss derivations of
A.
Let X¯ ∈ X (E)X¯ be a vector field on E. We assume that X¯ is a right
invariant , i.e. (Rg)∗pX¯(p) = X¯(pg) for every g ∈ G. The lifting of X¯ to Γ is
X¯(p, g) = (ιg)∗pX¯
where the inclusion ιg : E →֒ E ×G is given by ιg(p) = (p, g). The lifting of
a right invariant vector field X¯ ∈ X (E) to Γ is a derivation of the algebra A.
If the right invariant vector field satisfies the condition (πM)∗X¯ = 0 it
is called a vertical vector field. Such vector fields, when lifted to Γ, are
derivations of the algebra A, and are called vertical derivations.
With the help of the connection in the frame bundle πM : E → M we
lift a vector field X on M to E, i.e., X¯(p) = σ(X(πM(p)), πM(p) = x ∈ M
where σ is a lifting homomorphism. This vector field is right invariant on E.
We lift it further to Γ,
X¯(p, g) = (ιg)∗pX¯(p) ∈ X (Γ).
It can be shown that this lifting preserves the right invariance property, and
is a derivation of the algebra A. We call it a horizontal derivation of A.
The inner derivations of the algebra A, Inn(A) = {ad(a) : a ∈ A}, are
typical for noncommutative algebras. The mapping Φ(a) = ad(a), for every
a ∈ A, establishes the isomorphism between the algebra A and the space
Inn(A) as Z-moduli.
Our generalized differential geometry is based on the differential algebra
(A, V ) with V = V1⊕ V2 where V1 and V2 are horizontal and vertical deriva-
tions, respectively. The Z-module V3 = Inn(A) is responsible for “quantum
geometry” in our model (see [5] or [6]).
We now assume that G is a noncompact and semisimple group (which
includes the group SO0(3, 1)), and as the metric G : V × V → Z we choose
G(u, v) = g¯(u1, v1) + k¯(u2, v2)
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where u1, v1 ∈ V1, u2, v2 ∈ V2. The metric g¯ is evidently the lifting of the
metric g on space-timeM , i.e., g¯(u1, v1) = π
∗
M(g(X, Y )) whereX, Y ∈ X (M).
We assume that the metric k¯ is of the Killing type.
Now, we define preconnection by the Koszul formula
(∇∗uv)w =
1
2
[u(G(v, w)) + v(G(u, w))− w(G(u, v))
+G(w, [u, v]) + G(v, [w, u])− G(u, [v, w]).
In [5] we have demonstrated that if V is a Z-module of derivations of an al-
gebra (A, ∗) such that V (Z) = {0} then, for every symmetric nondegenerate
tensor g : V × V → Z, there exists exactly one connection g-consistent with
the preconnection ∇∗, and this connection is given by
∇uv =
1
2
[u, v].
For V2, we assume the metric is of the Killing type g(u, v) = Tr(u ◦ v).
The Killing form, related to a Lie group, is
B(V,W ) = Tr(ad(V ) ◦ ad(W ))
where V,W are elements of the Lie algebra g of the group G. In our case, this
Killing form B is nondegenerate (since the group G is semisimple). Let us
notice that the tangent space to any fiber Ex, x ∈M at a fixed point p ∈ E,
is isomorphic to g. This allows us (see [5]) to write the metric k¯ : V2×V2 → Z
in the form
k¯(X¯, Y¯ ) = B(X¯(p), Y¯ (p)).
The trace for the algebra A1 (which is isomorphic to the algebra A) is
Tr(a)(p) =
∫
G
a(pg, pg)dg ∈ Z.
We define the curvature, for all Vi, i = 1, 2, in the usual way
i
R (u, v)w =
i
∇u
i
∇v w−
i
∇v
i
∇u w−
i
∇[u,v] w.
For i = 2 we have
2
R (u, v)w = −
1
4
[[u, v], w].
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For i = 1, 2 and every endomorphism T : Vi → Vi, there exists the usual
trace Tr(T ) ∈ Z, and we can define
i
Ruw: Vi → Vi by
i
Ruw (v) =
i
R (u, v)w.
Therefore, the Ricci curvature is
i
ric (u, w) = Tr(
i
Ruw),
and the adjoint Ricci operator
i
R: Vi → Vi
i
ric (u, w) =
i
G (
i
R (u), w)
where
1
G= g¯ and
2
G= k¯. If the metric
i
G is nondegenerate, there exists the
unique
i
R satisfying this equation for every w ∈ Vi.
The curvature scalar is
i
r= Tr(
i
R).
For V2 the usual trace exists, and we readily compute
2
ric (u, w) =
1
4
k¯(u, w)
for every u, w ∈ V2.
We have now all necessary magnitudes to define the generalized Einstein
operator
G := R−
1
2
ridV
where r = TrR. This allows us to naturally define Einstein’s generalized
equation G = 0, and to have generalized general relativity. In [6] we pos-
tulated that Einstein’ generalized equation has the form of the eigenvalue
equation for the Einstein operator
G− τ idV = 0
where τ ∈ Z. This has proved to be an interesting modification. It does not
only better fit into the quantum character of the model proposed in [6], but
also leads to the remarkable result: it turns out that when equation (3) is
computed for the Friedman cosmological model, the eigenvales τ produce the
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correct components of the energy-momentum tensor (in spite of the fact that
no enegy-momentum tensor has been assumed in the beginning) together
with a suitable equation of state. If one restricts to the submodule V1, one
essentialy recovers the standard Einstein equation on space-time. (For details
see [6, Sect. 5].) In the following, we shall also discuss equation (3).
When we restrict to the V1-component of our geometry, we recover the
usual space-time geometry (lifted to Γ).
4 Algebra of Random Operators
To construct mathematical structures responsible for quantum physics we
define the regular representation
πp : A → B(H
p),
of the algebra A in the Hilbert space Hp = L2(Γp) for every p ∈ E (Γp
being the set of all elements of Γ ending at p), where B(Hp) is the algebra of
bounded operators on the Hilbert space Hp. This representation πp is given
by
(πp(a)ψ)(γ) =
∫
Γd(γ)
a(γ1)ψ(γ
−1
1 ◦ γ)dγ1
where a ∈ A, ψ ∈ Hp, γ, γ1 ∈ Γ. Here the Haar system on Γ is formed by the
measure on the group G, transferred to each fiber of Γ.
We shall show that every a ∈ A generates a random operator ra =
(πp(a))p∈E, acting on a bundle of Hilbert spaces {H
p}p∈E whereH
p = L2(Γp).
Let us first recall the definition of random operators [1, p. 50-53]
An operator ra is a random operator if it satisfies the following conditions
(1) If ξp, ηp ∈ H
p then the function E → C, given by E ∋ p 7→ (raξp, ηp),
a ∈ A, is measurable with respect to the usual manifold measure on E. (2)
The operator ra is bounded, i.e., ||ra|| < ∞ where ||ra|| = ess sup||πp(a)||.
Here “ess sup” denotes supremum modulo zero measure sets.
It is clear that in our case both these conditions are satisfied. For every
p ∈ E, πp(a) is a bounded operator on H
p. Let us denote by M0 the
algebra of equivalence classes (modulo equality almost everywhere) of these
random operators ra, a ∈ A. (Random properties of this structure have been
discussed in [4].)
Let us consider the direct integral of Hilbert spaces Hp,
H =
∫
⊕,p
Hpdµ(p)
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that is also a Hilbert space. The operator π(p)(a) = (πp(a))p∈E acts on H in
the following way
(π(a)ψ)(p) = πp(a)(ψ(p)).
The setM =M′′0, whereM
′′
0 denotes the double commutant ofM0 in H, is
a von Neumann algebra. It is called the von Neumann algebra of the groupoid
Γ [1, p. 52].
5 Bimultiplicative Algebras
The following Lemma plays an important role in our further analysis
Lemma 1 The mapping π : A → M0, given by π(a) = (πp(a))p∈E, is an
isomorphism of algebras.
Proof is given in [6, Sect. 7].
The isomorphism of the above Lemma can be written, more explicitly, as
π : (A, ∗,+)→ (M0, ◦,+)
with πp(a) ◦ πp(b) = (ra ◦ rb)(p).
In the algebra M0 we define the commutative multiplication, · : M0 ×
M0 →M0, by ra · rb = rab. Evidently, the mapping
π˜ : (A, ·,+,C)→ (M0, ·,+,C)
given by π˜(a) = ra is an isomorphism of commutative algebras. In this case,
the algebra A can be simply denoted by C∞c (Γ).
In this way, we have demonstrated that both A andM0 are bimultiplica-
tive algebras, i.e., the algebras with double multiplication. Let us notice that
the algebra (A, ·,+) is a Z-module, and the algebra (A, ∗,+) is a Z-bimodule.
The mapping π is also the isomorphism of bimultiplicative algebras
π : (A, ·, ∗,+,C)→ (M0, ·, ◦,+,C)).
Definition 1 A mapping X : M0 → M0 is said to be a semiderivation if
X is C-linear and satisfies the Leibniz rule with respect to the commutative
multiplication “·”.
The set of all semiderivations of the algebra M0 will be denoted by
SDer(M0).
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Lemma 2 For every semiderivation X :M0 →M0 there exists a derivation
X ∈ Der(C∞c (Γ)) such that X(r) = π(X(π
−1(r))), and the derivation X is
also the derivation of the algebra C∞(Γ).
Proof. Let us define X : A → A by X(a) = π−1(X(π(a)). For ϕ ∈ C∞(Γ)
and any element γ of Γ, we extend X to the algebra C∞(Γ) in the following
way
(X˜ϕ)(γ) = (Xa)(γ)
where ϕ|U = a|U for an open neighborhood U of Γ.
We thus have the C∞(Γ)-module SDer(M0) of semiderivations and the
C∞(Γ)-module Der(C∞(Γ)) of derivations. And the map
ψ : Der(C∞(Γ))→ SDer(M0)
given by ψ(X) = X where
X(π(a)) = π(X(π−1(a)),
for every a ∈ A, is an isomorphism of C∞(Γ)-modules.
Lemma 3 A semiderivation X ∈ SDer(M0) is a derivation with respect to
the noncommutative multiplication “*”, if X is right invariant.
Proof is given in [5, Lemma 1].
In the following, the set of right invariant derivations ofM will be denoted
by RSDer(M0).
Definition 2 We say that two differential algebras (A, V ) and (B,W ), where
V ⊂ Der(A) and W ⊂ Der(B), are isomorphic, if A and B are isomorphic
as (non)commutative algebras, and V and W are isomorphic as the corre-
sponding moduli with respect to the commutative multiplication.
Now, we can summarize the above Lemmas in the form of the following
theorem.
Theorem 1 There exist the isomorphisms of differential algebras
Π˜ : (C∞(Γ),Der(C∞(Γ)))→ ((M0, ·), SDer(M0))
and
Π : (A, V )→ ((M0, ∗),RSDer(M0))
where V denotes the Z-module of horizontal and vertical derivations of the
algebra A.
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This is an important theorem. Owing to the isomorphism Π˜ the commu-
tative geometry of the groupoid Γ transfers to the commutative geometry of
the spaceM0, i.e., to the algebra of random operators (with the commutative
multiplication). Owing to the isomorphism Π the noncommutative geometry
of the groupoid Γ, as determined by the algebra A and its derivations, trans-
fers to the noncommutative geometry if the space M0, i.e., to the algebra
of random operators (with convolution as multiplication). For instance, the
Einstein operator G : V → V as defined on Γ is transferred into the Einstein
operator
Gˆ : RSDer(M0)→ RSDer(M0),
or more explicitly, to a derivation u : A → A, u ∈ V there corresponds the
derivation uˆ :M0 →M0, uˆ ∈ RSDer(M0) by
uˆ(ra) = ru(a), (1)
and the Einstein operator
Gˆ : RSDer(M0)→ RSDer(M0),
is given by
Gˆ(uˆ)(ra) = rG(u)a. (2)
In this way, we can transfer the generalized general relativity as defined on
Γ to the algebra of random operators.
It is important to realize that we can have a generalized general relativity
on the space M0, but not on the von Neumann algebra M that is a typical
structure for quantum physics. From this one can see that the stumbling
block for having quantum gravity on M lies in the “limit elements ” of M.
6 Recovering Space-Time
In this section, we answer the question: how from the algebras A and M0
space-time can be recovered? First, we prove that there is the bijection
between the spectra of the algebras (A, ·) and (C∞(Γ), ·). The proof of this
rather obvious fact is by no means trivial. To produce it we need the following
concept.
Let us consider a family C of real valued functions on a set V and endow
it with the weakest topology τC in which the functions of C are continuous.
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A function f : A → R, where A ⊂ V , is said to be a local C-function if,
for any x ∈ A, there exists a neighborhood B of x in the topological space
(A, τA), where τA is the topology induced in A by τC , and a function g ∈ C
such that g|B = f |B. The set of all local C-functions on A is denoted by CA
. Obviously, C ⊂ CV . If C = CV , we say that the family C is closed with
respect to localization.
Lemma 4 SpecA and SpecC∞(Γ) are bijective.
Proof. The algebra AΓ coincides with the algebra C
∞(Γ). Indeed, the inclu-
sion AΓ ⊂ C
∞(Γ) follows from the obvious inclusion A ⊂ C∞(Γ). To show
that C∞(Γ) ⊂ AΓ, it is enogh to notice that any function f ∈ C
∞(Γ) is a
local A-function. Indeed, for any γ ∈ Γ there exists a function ϕ ∈ A and
an open neigborhood U ∋ γ such that ϕ|U ≡ 1. Then f |U = fϕ|U with
fϕ ∈ A. This demonstrates that f ∈ AΓ. Therefore, AΓ = C
∞(Γ), and
evidently SpecAΓ = SpecC
∞(Γ).
Now, we show that SpecAΓ is bijective with SpecA. We define the bijec-
tion J : SpecA → SpecAΓ by
J(χ)(f) =
χ(fa)
χ(a)
where f ∈ AΓ and a is any element of A such that χ(a) 6= 0. Such an
element does exist since the homomorphism χ : A → C is nonzero (zero
homomorphisms do not belong to the spectrum).
We should now demonstrate the correctness of the above definition. For
a1, a2 ∈ A, f ∈ AΓ we have
χ(a1a2f) = χ(a1(a2f)) = χ(a1) · χ(a2f) = χ(a1f) · χ(a2).
Hence
χ(a1f)
χ(a1)
=
χ(a2f)
χ(a2)
(we assume that χ(a1) 6= 0 and χ(a2) 6= 0). This shows the independence
of the definition of J of the choice of a ∈ A. It is easy to see that J is a
bijection.
To end the proof we notice that the inverse mapping J−1 : SpecAΓ →
SpecA is given by J−1(χ) = χ|A.
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As a corrolary from the above Lemma we have the following sequence of
bijections
SpecA = SpecC∞(Γ) ≃ Γ.
In this way, Γ is recovered from A.
To recover space-time M from the algebra (A, ·) we must perform the
following steps: (1) we go from A to AΓ = C
∞(Γ), (2) we notice that AΓ
contains the subalgebra (d ◦ πM)(C
∞(M)), and (3) that Aproj is isomorphic
with C∞(M). Therefore,
SpecAproj ≃ SpecC
∞(M) ≃M.
To recover space-time M from the algebra of random operators (M0, ·)
it is enough to notice that
SpecA = π∗(SpecM0)
which is given by π∗(χ) = χ ◦ π.
So far we were dealing with the commutative case. The only new thing
was that the usual differential geometry can be done both in terms of a
functional algebra on the groupoid and in terms of its representation on the
algebra of random operators. Much more interesting is the noncommutative
case, i.e., when we consider the algebra (M0, ◦) instead of (M0, ·). To deal
with this case, let us first consider the full von Neumann algebraM = (M0)
′′.
Let M∗ be the predual of M, i.e., M∗ is a unique Banach space such
that M is isomorphic to the Banach dual of M∗. Let further r ∈ M and
ϕ ∈M∗. Then
ϕ(r) = Tr(ρˆ(p) ◦ r(p))
where ρˆ is the density operator and p ∈ E. In this interpretation, elements
of M are functions on M∗; they are of the form rˆ(ϕ) = ϕ(r). In this sense,
M∗ can be regarded as the virtual spectrum ofM. Moreover, the functionals
from M∗ are well defined on M0; they are of the form ϕ|M0. In this sense,
M∗ can be regarded as the virtual spectrum of the algebra M0. We have
used the term “virtual” to emphasize the fact that the “true spctrum” of
M0 is much bigger thanM∗ (by narrowing spectrum we do not diminish the
number of functions), and M∗ as a noncommutative algebra is not defined
on any space, understood in the traditional way. However, the remarkable
circumstance is that the generalized general relativity can be done in such a
virtual space.
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7 Friedman World Model in Terms of Ran-
dom Operators
Im this section, to give some “flesh” to the above analysis, we consider the
closed Friedman cosmological model as it is represented in the space of ran-
dom operators. The noncommutative version of this model (in terms of the
algebra A and its derivations) was presented in [6, Sect. 5]; and here we give
only basic steps of the relevant computations.
Spacetime of this model isM = {(η, χ, θ, ϕ) : η ∈ (0, T ), (χ, θ, ϕ) ∈ S3} =
(0, T )× S3, where (0, T ) ⊂ R, and its metric is given by
ds2 = R2(η)(−dη2 + dχ2 + sin2 χ(dθ2 + sin2 θdϕ2)).
The model has the initial singularity characterized by: R2(η)→ 0 as η → 0,
and the final singularity characterized by: R2(η)→ 0 as η → T .
The total space of the frame bundle πM : E → M is
E = {(η, χ, θ, ϕ, λ) : (η, χ, θ, ϕ) ∈M,λ ∈ R} =M ×R,
and the structural group
G = {


cosh t sinh t 0 0
sinh t cosh t 0 0
0 0 1 0
0 0 0 1

 , t ∈ R}.
The space of the groupoid is given by
Γ = {(η, χ, θ, ϕ, λ1, λ2) : λ1, λ2 ∈ R}.
The Z-submodule V = V1 ⊕ V2 of horizontal and vertical derivations of the
algebra A carries the metric
ds2 = −R2(η)dη2 +R2(η)dχ2 +R2(η) sin2(χ)dθ2 +
R2(η) sin2(χ) sin2(θ)dϕ2 + dλ2.
Computations of the Einstein operator give
G = Gcd = diag{B, h, h, h, q}
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where
B = −3
1
R2(t)
− 3
R′2(t)
R4(t)
,
h = −
1
R2(t)
+
R′2(t)
R4(t)
− 2
R′′(t)
R3(t)
,
and
q = −3
1
R2(t)
− 3
R′′(t)
R3(t)
.
The regular reprsentation of the algebra A in the Hilbert space Hp =
L2(Γp) ≃ L2(R), where
Γp = {(η, χ, θ, ϕ, λ1, λ) : λ1 ∈ R},
is
(πp(a)ψ)(η, χ, θ, ϕ, λ1, λ) =
∫
R
a(η, χ, θ, ϕ, λ1, λ2)ψ(η, χ, θ, ϕ, λ2, λ)dλ2,
for a ∈ A, ψ ∈ Hp, and r = (πp(a))p∈E.
To write down Einstein operator in terms of random oparators we must
first transfer derivations from the algebra A to the algebra M0. We make
use of equation (1) to obtain the derivation uˆ :M0 →M0
(uˆ(πp(a)))ψ(λ1) =
∫
R
(u(a))(λ1, λ2)ψ(λ2)dλ2.
And the Einstein operator reads
(Gˆ(uˆ))(πp(a))ψ(λ1) =
∫
R
(G(u))(a)(λ1, λ2)ψ(λ2)dλ2.
Now we can easily write the Einstein equation either in the traditional
form, or as the eigenvalue equation for the Einstein operator, both in terms
of random operators.
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